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Abstract 

We study the gauge boson propagator in the dual Abelian Higgs theory which confines 
electric charges. The confinement is due to dual Abrikosov-Nielsen-Olesen strings. We 
show that the infrared double pole l/(p 2 ) in the propagator is absent due to the confine- 
ment phenomenon. Instead, specific angular singularities signal the eventual set in of the 
confinement. These angular singularities are a manifestation of the confining strings. 



1. The most popular explanation of the quark confinement is the dual superconductor 
model of QCD vacuum QXJ . There is a lot of numerical facts demonstrating that in the abelian 
projection |2j of the lattice gluodynamics the monopoles are the relevant infrared degrees of 
freedom responsible for the quark confinement and for formation of confining string (see, e.g., 
reviews and references therein). 

There exists yet another, so to say "phenomenological" point of view on the quark confine- 
ment formulated in terms of the gluon propagator. Namely, one argues f|, [|| that if the gluon 
propagator has a double pole in the infrared region then the quark-anti-quark potential gets 
a linear attractive contribution at large distances and this implies the quark confinement. On 
the other hand, Gribov and Zwanziger || argued that elimination of the gauge copies leads to 
a counter-intuitive vanishing of the gluon propagator in the infrared region. Some analytical 
studies confirm this behaviour, while the others M predict a singular gluon propagator in 
the infrared limit. Recent numerical simulations in lattice gluodynamics || show that the gluon 
propagator seems to vanish at small momenta. However, the systematic errors due to a finite 
lattice size do not allow to reach a final conclusion. 

In this paper we study analytically the infrared behaviour of the gauge boson propagator 
in a U(l) theory with confinement. Namely we consider the dual Abelian Higgs theory in 
which magnetic monopoles are condensed and electric charges are confined. The motivation is 



that this theory can be considered as an effective infrared theory of SU(2) gluodynamics [10 
Moreover, it was found recently that the vacuum of the lattice SU(2) gluodynamics is well 
described by the dual Abelian Higgs model in which monopoles play the role of the Higgs 
particles |Tl| . We define an analogue of the gluon propagator in terms of abelian variables and 



show that the infrared double pole in the propagator is absent in the confining phase of the 
model. We do not observe the vanishing of the gluon propagator in the infrared region || 
either. In the case considered, the confinement properties of the theory are rather manifested 
through string like singularities of the propagator. Since the dual Abelian Higgs model imitates 
QCD in the infrared region a similar behaviour might be exhibited by the gluon propagator in 
QCD, at least in the gauges considered. 

2. To evaluate the propagator we utilize the Zwanziger local field theory of electrically and 
magnetically charged particles [12|]. The theory contains two vectors potentials, namely the 



gauge field A^{x) and the dual gauge field B^x), which interact covariantly with electric and 
magnetic currents, respectively. The corresponding Lagrangian is: 

C = C Zw (A, B) + iejfa) A^x) + igj™(x) B^x) , (1) 

where e (g) stands for the electric (magnetic) charge, and j e (j^) is the electric (magnetic) 
external current. The Zwanziger Lagrangian Cz w is given by the following equation |T2| : 

C Zw {A,B) = ^{n-ldAA^+'-in-ldAA^n-ldAB}') 

+ l -{n ■ [d A B]f - ~{n ■ [d A B))(n ■ [d A A] d )} , (2) 

where we have used the standard notations: 

[A A B]^ = A^B V - A V B^ , (n-[iA% = n u (A A B) VIX , (G)^ = ^ uXp G Xp . (3) 
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Despite the theory ([]]) apparently contains two gauge fields, and B^, there is only one 

The Lagrangian (P depends on 



physical particle (a massless photon) in the spectrum [12, 13 

an arbitrary constant unit vector n M , n 2 = 1, while physical observables are insensitive to the 
direction of n provided the Dirac quantization condition, e ■ g = 27rm, m £ is satisfied [ 12| . 



3. Within the dual superconductor approach |1| a pure SU(2) gauge theory is regarded 
as a theory of dynamical abelian monopoles which are required to be condensed in the color 
confining phase. According to eq.(|l|) the theory of monopoles interacting with an external 
electric source j e (quark current) is described by the following partition function [lt| : 



Z[f] = J VAVBV® exp{-| d A x(C Zw (A,B) + l^ + igB^ 



-A(|$| 



(4) 



Here $ is the field of condensed monopoles, the constants A, rj 2 are positive and we choose to 
work in the Euclidean space. In this approach, the abelian field A^ corresponds to the diagonal 
component A z of the SU(2) gauge field A ^ in a certain abelian gauge. According to the abelian 
dominance phenomenon |L4| the field A^ is responsible for the infrared properties of the theory. 
For the sake of simplicity we consider below the London limit, A — > oo. The final results remain 
however qualitatively unchanged if we relax the condition on the coupling A. 

The spectrum of the model (|J) contains a string-like topological excitation which carries 
a quantized electric flux. This string is the dual analogue of the Abrikosov-Nielsen-Olesen 



(ANO) string [|T^] in the Abelian Higgs model. Stretched between quarks and anti-quarks the 
string leads to the color confinement. The confinement phenomenon exists in the theory already 
at the classical level, the linear string contribution to the quark potential is dominant at large 
distances [ID, [H], [HJ and survives at small quark-anti-quark separations |18[ . 



4. The gauge field propagator is defined as: 

Df, u (x,y) =< A^(x)A u {y) >= — i 



e 2 5jfa)5jZ(y) Z[0] 



(5) 



and is an analogue of the gluon propagator in gluodynamics. 

To specify the propagator completely we choose the axial gauge n^A^ = in expressions 
([|,[5p. Moreover, using the methods of Refs. [19] we obtain readily a string representation 
for Z[j e \. 

Z[f] oc j PS exp{- J d 4 x J d 4 y[^-jl(x)D MB (x - y) ■ X, u f v {y) 

<9E=0 

+4ri 2 7r 2 jl l (x)D MB (x - y) ■ (d ■ ny 1 n u T lfM/ (y) + r/VS^a;)/^^ - y)Ep,(y)] } , (6) 

where Dm b is the propagator of a massive scalar field (—d 2 + M%)Dm b (x) = S^(x), Mb = er] 
is the mass of the dual gauge boson B^, and the integration in eq.@ is performed over all 



closed world sheets of the ANO strings (see Refs. []19[). Moreover, is a differential operator 
which in the momentum representation has the form: 



s 



i 



(p-n 



+ 



M 2 B 



{p ■ n) (p ■ n)' 



(7) 
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Substituting (|) in (|5|) we get the following expression for the propagator: 
1 



D 



axial 



(p) 



p 2 + M 2 
rj 4 e 2 



1 



n a np 



p 2 + M 2 (p-n) J (2n) 2 k 2 + M| (k ■ 



n 



< E^ME^i-k) > s , (9) 



Note that the expression (|) for the gluon propagator is exact in the London limit (there are 
no loop contributions to eq.®)! 

The first term in the propagator is already known from Ref. |13[ while the second term 
describes interaction of the gauge boson with the ANO strings. Moreover the string-string 
correlation function in fl9|) is defined as: 



<0>e = j> VEe~ s ^O, Z stI = j VZe 

<9£=0 <9£=0 

S stI (E) = tt 2 t] 2 J d 4 x J d 4 y E^(x)D Mb (x - y)E^ v (y) . 



-Sstr(£) 



(10) 

(11) 



The expression (|TTJ) is the action for the ANO strings in the Abelian Higgs model in the London 
limit |f|. 

An exact expression for the string-string correlator is unknown. Taking into account the 
closeness condition, d^E pi/ (x) = 0, one can parametrize this correlator as follows: 



< T, m (x)T, v p(y) > E = e^ aip e vKp d l :d( : D T -({x - yf 

or, in the momentum representation: 

< E^A^E^-p) > s = (2ne) 2 5(k - p) ■ E^pEuKpPzPc, D T '(p 2 ) 

where D T '(p 2 ) = D T, (p 2 ; e, n) is a scalar function, which is related to the function D E in eq . (|i~2l 
via the Fourier transform. 

Substituting the string correlation function (p~3f ) into eq. (§) we get: 



'12) 



(13) 



M 4 



(p 2 + M 2 B 
p 2 
(p ■ n) 



2\2 



D' 



V)[(V-^p + 7 f^) 



(p ■ n)" 



(14) 



Thus, the gluon propagator ([8]) in the axial gauge has the form 

1 



Yy axial 



(p) 



p 2 + M 2 
1 



(<■ P^ + PuHf, ^ P^ \ / 

+ (p-n) (p-nf)'^ 



1 + 



M 4 D s (p 2 ) 
p 2 + M 2 



+ 



(p-n 



a • (<W - n,n u ) - M 2 B (l - M 2 /^^ 



(15) 



The propagator has singularities not only in the p 2 plane but in the variable (p ■ n) as well. 
Which is not unusual of course because n^-dependence enters through the gauge fixing. What 
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is unusual, however, is that the singular in (p ■ n) terms appear not only in the longitudinal 
structures but in front of (5^ — n^n^) as well. While the former singularities do not contribute 
to the physical amplitudes and can be removed by changing the gauge, the same is not true in 
the latter case. The singular factors in front of the (S^ u — n^n v ) structure appear due to the 
Dirac strings which are present in the Zwanziger Lagrangian (0) . The issue of these singularities 
is finally settled through observation that the relation between physical observables and the 
propagator becomes more subtle than, say, in QED (see Ref. WA )- Here we are concerned 
primarily with formal properties of the propagator itself. 

A general parametrization of the gauge boson propagator in the axial gauge is ||: 

°r = (V + - • HP') - ^ ■ (*„ " n,n.) ■ G(j> 2 ) , (16) 

where F(p 2 ) and G(p 2 ) are the coefficient functions which characterize the vacuum of the theory. 
A comparison of eq. (|I5|) with eq. (0) gives the following relation between these coefficient 



functions and the string correlation function Z} s introduced above: 



np) = fTw B y l+ p> + Mi )' (17) 



2\ 



Gh 2 ) ~ Ml (l M 2 p2D ^ P) 



Note that the expressions ( |TTD and (|T^) are non-perturbative even without taking into 
account the string contributions. Indeed, removing for a moment the string contributions from 
these relations we get: 

1 M 2 

F no-stn„ g(p2) = G no-st ri n g(p2) = _ (1Q) 

p z + p z + Alg 

while for the perturbative vacuum one has [Q: 

F pcit {p 2 ) = — , G pcrt {p 2 ) = . (20) 

Equations (|^) account for the same graphs as in the standard Higgs mechanism, i.e. for 
insertions of the scalar field condensate. 



5. Although the expression ([T5|) for the gluon propagator is exact, it contains an unknown 
function D T '{p 2 ). The infrared behaviour of this function however can be qualitatively under- 
stood on physical grounds. Indeed, consider the string part (||) of the gluon propagator (|). 
This part corresponds to the process, schematically shown in Figure |l|: the quark emits a gauge 
boson A which transforms to a dual gauge boson B via coupling < A ■ B > which exists in 
the Zwanziger Lagrangian (§). The dual gauge boson transforms back to the gauge boson after 
scattering on a closed ANO string world sheet S. The intermediate string state is described 
by the function D^(p 2 ) and this state can be considered as a glueball state with the photon 
quantum numbers 1~. 
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Closed String Worldsheet 




Figure 1: String contribution (Rf) to gluon propagator 



The behaviour of the function D T '{p 2 ) in the infrared region, p — > 0, can be estimated as 
follows: 



C 



P 2 + M 2 



(21) 



where C is a dimensionless parameter and M g i is the mass of the lowest 1~ glueball. The dots 
denote the contributions of heavier states. Thus, according to eqs. (|21] , |i7l , |T8l) the coefficient 
functions F and G in the infrared limit, p — > 0, become: 



F' mh (p 2 ) 
G inh {p 2 ) 

Note that neither double, l/(p 2 ) 2 , 



i 

Ml 



+ 



C 

M'i 



+ 0(p 2 



■l + 0(p 2 



(22) 



propagator (16,|22| 



nor ordinary, 1/p 2 , pole are exhibited by the gluon 
in the infrared limit. There are gauge dependent l/(p ■ n) singularities 
which reflect the presence of Dirac strings. Therefore our gauge boson propagator does not 
vanish in the infrared limit either. In view of this, the vanishing of the propagator at p — > 
predicted in || seems to be specific for the special gauge choice in QCD which leads to a 
nontrivial Fundamental Modular Region. 

Our demonstration of non-existence of the double pole in the propagator is based on the 
infrared behaviour ( pT|) of the string-string correlation function D s . Suppose for a moment 
that our prescription for D s is not correct and the double pole exists in the propagator. We 
would conclude then from eq. ( |i7|) that the string correlation function has a double pole at 
p 2 = 0. It would imply, in turn, long range correlations of the string world sheets and, as a 
result, the absence of the mass gap and quark confinement! Indeed, if the strings are long-range 
correlated then the quarks associated with the string ends would also be long-range propagating 
objects. Thus, the absence of a double pole in the gluon propagator is a direct consequence of 
confinement, at least in the dual superconductor model of infrared QCD considered here. 

It is worth emphasizing that our qualitative results do not depend on the gauge choice. While 
up to now we discussed the axial gauge, n^A^ = 0, the choice of the Landau gauge, d^A^ = 0, 
leads to a mere shift of the operator (|7|) which enters the definition of the propagator @: 



X 



Landau 



(p) = X^{p) + 



p 



■ 2 + M 2 B/ 
{P^n u +p u n^} 



p2 



n 



p 2 + M 2 B 
(p 2 ) 2 (p ■ n)'- 



n) 2 +p 2 ) 
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Due to this shift an ordinary pole 1/p 2 appears in a longitudinal term which is irrelevant, 
however, for gauge-invariant observables. 

To summarize, the gauge boson propagator in the model considered does not display either 
a double pole in p 2 or vanishing in the limit p 2 — > 0, the phenomena thought to be a signature 
for the quark confinement |5|, It is rather the stringy singularities in the (p ■ n) variable 
which signal the confinement. The other closest infrared singularities present in the gauge 
boson propagator correspond to the mass of the gauge boson and the lowest 1~ glueball mass. 
Moreover in our case the confining potential is not related to the infrared behaviour of the 
gauge boson propagator in the conventional way: V(r) = J e ipr D 00 (p)d 3 p. Indeed, D 00 contains 
l/(p-n) singularities (see eq.(|15D) related to the Dirac string, and thus V(r) is gauge dependent. 
The right way to obtain the gauge independent expression for the potential V(r) is to evaluate 
the expectation value of the Wilson loop for the field in the string representation of the 
model. In the string representation the l/(p-n) singularities in the propagator play the crucial 
role: they transform into the confining ANO strings. The details of this calculation are given 
in Ref.p. 
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